Staggered InGaN quantum wells ͑QWs͒ are analyzed as improved gain media for laser diodes ͑LDs͒ lasing at 440 and 500 nm. The calculation of band structure is based on a 6-band k · p method taking into account the valence band mixing, strain effect, and spontaneous and piezoelectric polarizations as well as the carrier screening effect. Staggered InGaN QWs with two-layer and three-layer step-function like In-content InGaN QWs structures are investigated to enhance the optical gain as well as to reduce the threshold current density for LDs emitting at 440 and 500 nm. Our analysis shows that the optical gain is enhanced by 1.5-2.1 times by utilizing the staggered InGaN QW active region emitting at 440 nm, which leads to a reduction of the threshold current density up to 24% as compared to that of the conventional InGaN QW laser. Staggered InGaN QWs with enhanced optical gain shows significantly reduced blue-shift as carrier density increases, which enables nitride QWs with high optical gain in the green spectral regime. The use of green-emitting three-layer staggered InGaN QW is also expected to lead to reduction in the threshold carrier density by 30%.
I. INTRODUCTION
GaN and InGaN quantum wells ͑QWs͒ based laser diodes ͑LDs͒ with violet and blue emission wavelength have been successfully commercialized with relatively low threshold current density below 2 kA/ cm 2 . [1] [2] [3] However, the threshold current density for InGaN-based LDs is still significantly higher as compared to those of the InGaAs-based LDs ͑J th Ͻ 100-150 A / cm 2 ͒. 4, 5 Major challenges preventing high performance conventional InGaN QWs LDs especially emitting longer than 480 nm include ͑1͒ phase separation in high In-content InGaN QW resulting in poor crystalline quality; ͑2͒ high strain misfit dislocation density leading to poor material quality and high nonradiative recombination rate, and ͑3͒ increased built-in electrostatic field due to the spontaneous and piezoelectric polarizations. The existence of the electric filed in the InGaN QW ͑Ref. 6͒ separates the electron and hole wave functions, which reduces the electron-hole wave function overlap ͑⌫ e_hh ͒ as compared to the flat band lineups in InGaAs based QWs. The use of InGaN QWs with high In-content or thick QWs result in large internal electric field in the QW ͑Ref. 6͒ leading to low electron-hole wave function overlap ͑⌫ e_hh ͒.
To extend the lasing wavelength of InGaN QWs LDs into the green spectral regime, either high In-content InGaN QW or thick InGaN QW is required for the active region. However, both approaches will lead to a significant reduction in the electron-hole wave function overlap ͑⌫ e_hh ͒ due to the charge separation from the electric filed in the QWs. To avoid the challenges caused by the internal electric field in c-plane InGaN QW, InGaN QWs grown on nonpolar or semipolar substrate have been studied. [7] [8] [9] [10] By removing or reducing the electric field in the QW, nonpolar, or semipolar InGaN QWs enhance the electron-hole wave function overlap ͑⌫ e_hh ͒. However, to extend the emission wavelength of nonpolar or semipolar InGaN QW to the green regime, much higher In-content is required as compared to that of the c-plane InGaN QW, which presents a huge challenge for metal-organic chemical-vapor deposition ͑MOCVD͒ epitaxy due to the lattice mismatch between InGaN QW and GaN barriers and the additional challenges in growing high Incontent InGaN alloy. Recently, several other approaches have been proposed to enhance the electron-hole wave function overlap ͑⌫ e_hh ͒ for c-plane InGaN QWs, as follows: ͑1͒ embedded AlGaN ␦-layer in InGaN QW, 11, 12 ͑2͒ staggered InGaN QW, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] ͑3͒ type-II InGaN-GaNAs QW, 23, 24 ͑4͒ strain-compensated InGaN-AlGaN QW, 25, 26 and ͑5͒ triangular InGaN QW. 27 The concept of the two-layer staggered InGaN QWs as active regions for light-emitting diodes ͑LEDs͒ in the blue regime was proposed and demonstrated in Refs 12 and 13. The comprehensive theoretical studies of both two-layer and three-layer staggered InGaN QWs LEDs emitting in the green regime show 2.6-3.7 times enhancement in the radiative recombination rate as compared to that of the conventional InGaN QW. 16 Experimental demonstration of the three-layer staggered InGaN QWs LEDs emitting at 520-525 nm shows the enhancement of the output power of 2-3.5 times as compared to that of the conventional InGaN QWs LEDs. 17 Theoretical studies of the staggered InGaN QWs for LEDs devices by employing many-body Coulomb effect were reported, [19] [20] [21] and the results also exhibited similar enhancement factor in radiative recombination rate and radiative efficiency. In contrast to the studies of the staggered InGaN QWs for LEDs, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] there has been no prior works on the comprehensive studies of the gain characteristics of the staggered InGaN QWs as active region for lasers.
In this paper, we present a comprehensive analysis on the optical gain and threshold current density characteristics of staggered c-plane InGaN QWs emitting at 440 and 500 nm. Both two-layer ͑In x Ga 1−x N / In y Ga 1−y N͒ and three-layer ͑In y Ga 1−y N / In x Ga 1−x N / In y Ga 1−y N͒ staggered InGaN QWs with step-function like In-content profile are analyzed as improved gain media with enhanced electron-hole wave function overlap ͑⌫ e_hh ͒. In this analysis, the band structures are calculated based on a 6-band k · p method taking into account the valence band mixing, strain effect, spontaneous, and piezoelectric polarizations as well as the carrier screening effect. 26, [28] [29] [30] Spontaneous emission radiative recombination rate and optical gain are analyzed and compared for both conventional and staggered InGaN QWs. The gain characteristics for staggered InGaN QWs are analyzed for both 440 and 500 nm spectral regimes. Threshold characteristics and optimization for staggered InGaN QWs emitting at 440 and 500 nm are calculated and analyzed.
II. CONCEPT OF STAGGERED InGaN QW
The existence of electrostatic field in the InGaN QW results in "charge separation" effect in the QW, which leads to spatial separation of the electron and hole wave functions in the QW. The charge separation in conventional InGaN QW leads to a severe reduction of the electron-hole wave function overlap ͑⌫ e_hh ͒. The low electron-hole wave function overlap ͑⌫ e_hh ͒ in conventional InGaN QWs active region leads to significant reduction in optical gain for nitride lasers, in particular as the emission wavelength is extended to the green spectral regime. The use of staggered InGaN QW design is to enhance the electron-hole wave function overlap ͑⌫ e_hh ͒ by engineering the band lineups of the InGaN QW, hence leading to increase in the optical gain of the QW for laser applications.
In this work, three QW structures are studied and compared as follows: ͑a͒ the conventional In z Ga 1−z N QW; ͑b͒ the two-layer staggered In x Ga 1−x N / In y Ga 1−y N QW, and ͑c͒ the three-layer staggered In y Ga 1−y N / In x Ga 1−x N / In y Ga 1−y N QW structures, which are surrounded by GaN barrier layers as shown in Fig. 1 . Note that the three structures have the same total QW thickness ͑d QW ͒ for comparison purpose. The conventional In z Ga 1−z N QW contains uniform In-content ͑z͒ with the QW thickness of d QW . The two-layer staggered In x Ga 1−x N / In y Ga 1−y N QW is characterized by the use of a step-function like In-content profile in the QW as follows: ͑1͒ high In-content of x with thickness of d w1 , and ͑2͒ lower In-content of y with thickness of d w2 , where
In contrast to the two-layer staggered InGaN QW, the threelayer staggered In y Ga 1−y N / In x Ga 1−x N / In y Ga 1−y N QW contains the higher In-content ͑x͒ sublayer in the center, which is sandwiched between two InGaN sub-layers with lower Incontent of y. The total thickness ͑d QW ͒ of the three-layer staggered InGaN QW is also designed as equal to
To compare the performance of the active regions of these three structures for laser application, the In-contents and sublayer thickness for the conventional InGaN QW, two-layer staggered In x Ga 1−x N / In y Ga 1−y N QW and three-layer staggered In y Ga 1−y N / In x Ga 1−x N / In y Ga 1−y N QW are designed such that all three QWs emit at similar lasing wavelengths. The designs of the staggered InGaN QW structures for 440 nm emitting lasers will be presented in Sec. IV, and the staggered InGaN QW structures for 500 nm spectral regimes will be presented in Sec. V.
Note that the designs of the 3-layer staggered InGaN QWs emitting in blue and green spectral regimes employ very thin InGaN sublayers ͑5-6 Å͒, which may potentially lead to growth challenges by MOCVD in particular to achieve abrupt interface. However, even for less abrupt interfaces in InGaN/InGaN heterostructure layers in the staggered InGaN QW, the electron-hole wave function overlap can be enhanced resulting in improved radiative recombination rate. Recent experiments on MOCVD-grown 3-layer staggered InGaN QWs LEDs emitting in the green spectral regime show significant enhancement in output power and efficiency from electrically-injected devices. 17, 18 
III. THEORETICAL AND NUMERICAL MODEL
The band structures and wave functions are obtained by utilizing a self-consistent 6-band k · p method for wurtzite semiconductor. [28] [29] [30] To take into consideration of the carrier screening effect, the Schrödinger equations and Poisson equations are solved self-consistently till the eigen energies converge. 26, [28] [29] [30] The convergence condition for this calculation is set such that the tolerance of the eigen energies is less than 0.1%. To calculate the heterostructure/nanostructure, finite difference method is used to solve the 6 ϫ 6 k · p Hamiltonian matrix with the step size of 1 Å. 
where ͑M͒ nm ͑k t ͒ is the momentum matrix element between n th conduction subband and m th valence subband, which is a function of the in-plane wave vector k t . The parameter L is the thickness of the QW, and f n c ͑k t ͒ and f m v ͑k t ͒ are the Fermi-Dirac distribution functions for the electrons in conduction band and valence band. The detail of the derivation of Eq. ͑1͒ was presented in Ref. 26 . The existence of the electric field in the QW leads to the band bending of the potential edge for both conduction band and valence band, which allows the transition between the states with unequal quantum numbers ͑m n͒. In this calculation, all possible transitions between the confined states of the conduction band and valence band are taken into account.
The total spontaneous emission radiative recombination rate per unit volume ͑s −1 cm −3 ͒ is obtained by integrating the Eq. ͑1͒ over the entire energy range as follows
Based on Eq. ͑1͒, the optical gain for III-Nitride semiconductors is related to the spontaneous emission as follows
where ⌬F is separation of the quasi-Fermi levels of electrons ͑F C ͒ and holes ͑F V ͒. The equations presented here will be used to calculate the band structure, the spontaneous emission radiative recombination rate and optical gain for InGaN QWs. The details of the derivation and formulation of the simulation approach are presented in Ref. 26 .
IV. OPTIMIZATION OF STAGGERED InGaN QWs LASERS AT 440-nm

A. Staggered InGaN QWs design for blue-emitting lasers
In this section, the optimization studies for staggered InGaN QW for lasers emitting in the 440 nm spectral regime are discussed. The following three QW structures are calculated and compared: ͑a͒ conventional 24-Å In 0. 22 Based on Fermi's Golden Rule, the interband transition rate is proportional to the square of their electron-hole wave function overlap ⌫ e_hh . By engineering the energy band lineups utilizing the two-layer and three-layer staggered InGaN QWs, the electron-hole wave function overlaps ͑⌫ e_hh ͒ of these blue-emitting staggered InGaN QWs are improved by 1.34-1.6 times as compared to that of the conventional InGaN QW.
B. Momentum matrix elements characteristics
The momentum matrix element ͓͑M͒ nm ͑k t ͔͒ of InGaN QW is related to the electron-hole wave function overlap ͑⌫ e_hh ͒. The expressions of the momentum matrix elements for transverse-electric ͑TE͒ and transverse-magnetic ͑TM͒ polarizations were derived in Ref. 26 . Due to the compressive strain in the InGaN QW, the momentum matrix element with the TM polarization is much smaller than the one with the TE polarization. Thus, in this section, the momentum matrix elements with TE polarization for the conventional and staggered InGaN QWs are calculated and compared. 19 cm −3 . Note that the major contributions of the momentum matrix elements to the spontaneous emission and material gain are transitions between C1-HH1 and C1-LH1. By comparing Figs. 2͑a͒-2͑c͒, the C1-HH1 and C1-LH1 transition matrix elements for the three-layer staggered InGaN QW are larger than those of the two-layer staggered InGaN QW, which is larger than that of the conventional InGaN QW.
The characteristics of the square of the momentum matrix elements ͑͑M͒ nm 2 ͑k t ͒͒ at k t = 0 as a function of the carrier density were analyzed for n = 1 ϫ 10 19 cm −3 up to n = 6 ϫ 10 19 cm −3 . Note that the momentum matrix element at k t = 0 for the conduction band and heavy hole subband ͑C-HH͒ transition is similar to that of the conduction band and light hole subband ͑C-LH͒ transition. The momentum matrix elements of the major transitions between the conduction band and valence band ͑C1-HH1 and C1-LH1͒ increase as the carrier density increases. The C1-HH1 and C1-LH1 matrix elements for the three-layer staggered InGaN QW are larger than those of the two-layer staggered InGaN QW, and both staggered InGaN QWs have higher C1-HH1 and C1-LH1 matrix elements than those of the conventional InGaN QW. Figure 3 shows the optical gain spectra for the conventional InGaN QW ͑dashed-dotted line͒, two-layer staggered InGaN QW ͑dashed line͒ and three-layer staggered InGaN QW ͑solid line͒ at carrier densities of 3 ϫ 10 19 and 5 ϫ 10
C. Optical gain characteristics
19 cm −3 at T = 300 K. The staggered InGaN QWs exhibit improved optical gain as compared to the conventional InGaN QW. At n =5ϫ 10 19 cm −3 , the peak gain ͑g p ͒ for the two-layer staggered InGaN QW is 2710 cm −1 , which is 1.34 times of that of the conventional InGaN QW ͑2030 cm −1 ͒, while the three-layer staggered InGaN QW shows 1.61 times improvement with the peak gain of 3270 cm −1 . Figure 4 shows the peak material gain as a function of the carrier density up to 6 ϫ 10 19 cm −3 . A significant enhancement of the peak gain ͑g p ͒ by utilizing the staggered InGaN QW structures is observed in Fig. 4 , which is important to reduce the threshold carrier density and threshold current density for the InGaN based LDs. The two-layer staggered InGaN QW shows 1.27-1.73 times enhancement as compared to the conventional InGaN QW, while the threelayer staggered InGaN QW shows 1.48-2.33 times enhancement in comparison to that of conventional InGaN QW. Note from Fig. 4 , the optical gain and differential gain of staggered InGaN QW are significantly enhanced, which leads to significantly lower threshold carrier density ͑n th ͒ for laser application. Note that the three QW structures studied here have similar transparency carrier density ͑n tr ͒ϳ1.8 ϫ 10
19 cm −3 . ing peak material gain in the QW. However, the blueshift observed in three-layer ͑and two-layer͒ staggered InGaN QW is ϳ9 nm ͑and ϳ11 nm͒ for material gain at 2000 cm −1 , which is significantly less in comparison to that ͑ϳ17 nm͒ of the conventional InGaN QW.
D. Threshold current density characteristics
To study the feasibility of the conventional InGaN QW for LDs application, a laser structure with single QW as active region was employed in this analysis similar to the structure described in Ref. 3 . The optical confinement ͑⌫ opt ͒ and internal loss ͑␣ i ͒ are 0.01 and 8.6 cm −1 , respectively. The laser cavity length is assumed as 650 m −1 with end-facet reflectivities of 95% and 56%, which corresponds to mirror loss ͑␣ m ͒ of 4.85 cm −1 . By using the equation ⌫ opt g th = ␣ i + ␣ m , the threshold gain ͑g th ͒ required for lasing is estimated as g th ϳ 1500 cm −1 . Note that for laser structure with threshold gain g th ϳ 1500 cm −1 , the lasing wavelength for the two-layer ͑three-layer͒ staggered InGaN QW is ϳ439.5 nm ͑ϳ440.5 nm͒, while the lasing wavelength for the conventional InGaN QW is ϳ435 nm. The slightly-longer lasing wavelength from the use of staggered InGaN QWs is due to the enhanced electron-hole wave function overlap ͑⌫ e_hh ͒ and improved optical gain.
As shown in Fig. 5 , the conventional InGaN QW requires much higher threshold carrier density ͑n th = 4.23
19 cm −3 ͒ to reach the lasing condition of g th = 1500 cm −1 . The two-layer staggered InGaN QW requires lower threshold carrier density of n th = 3.6ϫ 10 19 cm −3 , while the threshold carrier density of three-layer staggered is reduced significantly to n th = 3.2ϫ 10 19 cm −3 . Note that the lower threshold carrier density also leads to reduction in carrier screening effect, thus the lasing wavelengths for the staggered InGaN QWs are slightly longer than that of the conventional InGaN QW.
The threshold current densities are calculated for conventional InGaN QW, two-layer staggered InGaN QW, and three-layer staggered InGaN QW. The threshold current density is composed of two parts: the radiative current density ͑J rad ͒ and the nonradiative current density ͑J nr ͒. In this analysis, the monomolecular current density ͑J mono = A · n͒ is considered as the dominant component for the nonradiative current density, where A is the monomolecular recombination coefficient. For wide band gap material, the Auger recombination process is negligible due to the small value of the Auger recombination rate ͑C Auger Ͻ 10 −32 cm 6 / sec͒.
33,34 Figure 6 shows the peak gain ͑g p ͒ as a function of the total threshold current density ͑J tot = J rad + J nr ͒ for the conven- 
͒, the required total threshold current densities for the conventional InGaN QW, two-layer staggered InGaN QW and three-layer staggered InGaN QW for three different monomolecular recombination rate are shown in Table I . The threshold current density for the three-layer ͑or two-layer͒ staggered InGaN QW is calculated as 23.5%-23.8% ͑15.7%-17%͒ lower than that of the conventional InGaN QW. The reduction in threshold carrier density in staggered InGaN QW is important to suppress the nonradiative current density ͑J nr ͒, which in turn leads to suppression of total threshold current density ͑J tot = J rad + J nr ͒. The use of staggered InGaN QW as the active regions for blue-emitting lasers has the potential for reducing the threshold current density, which in turns leads to improved reliability for the laser devices.
It is important to note that there exists a large discrepancy on the Auger recombination coefficients of InGaN QW reported in the literature. 33, 34, 36, 37 Recent theoretical studies predicted Auger recombination coefficients in InGaN QW structures as in the range of C Auger = 3.5ϫ 10 −34 cm 6 / sec ͑Ref. 33͒ up to C Auger = 0.9-1 ϫ 10 −32 cm 6 / sec. 34 However, recent studies have indicated the possibility that the Auger recombination coefficient for thick InGaN/GaN double heterostructure active regions ͑d Active = 10-77 nm͒ and bulk InGaN as in the range of C Auger = 1.4-2 ϫ 10 −30 cm 6 / sec. 36, 37 Further studies are still required to clarify and confirm the Auger coefficients ͑C Auger ͒ for InGaN/GaN QW system, due to the large discrepancies from the reported Auger coefficients in the literature. 33, 34, 36, 37 A significant reduction in threshold carrier density ͑n th ͒ achievable in the staggered InGaN QW will be crucial for suppressing the J Auger , as the J Auger is proportional to n th 3 . The reduction in the threshold carrier density due to the use of two-layer ͑or three-layer͒ staggered InGaN QW will correspond to 38.3% ͑or 56.7%͒ reduction in Auger current density at threshold ͑J th_Auger ͒.
V. STAGGERED InGaN QWs LASERS AT 500-nm
A. Current status of green-emitting InGaN QWs lasers
The green-emitting InGaN QW lasers attract large interest due to its applications for the replacement of gas lasers, laser projection, and biomedical applications. Recently, InGaN QW based LDs grown on c-plane GaN substrate with lasing wavelength of 510-515 nm was demonstrated by Nichia with threshold current density of 4.4 kA/ cm 2 at 25°C and output power of 5 mW ͑at I = 88 mA and V = 5.5 V͒. 38 Note that the laser structure 38 was fabricated by employing both facets coated with high reflectivity ͑HR͒ dielectric films ͑HR/HR͒, which reduces the mirror loss and threshold gain. However, the HR/HR coatings on both facets limit the output power and external differential quantum efficiency of LDs, which leads to limitation of conventional InGaN QW as active regions for high-power LDs or other laser devices requiring high gain active region ͑i.e., VCSELs͒. Recently, OSRAM reported the 500 nm electrically driven InGaN based LDs grown on c-plane GaN substrate with threshold current density of 8.2 kA/ cm 2 and output power of several tens of miliwatts. 39 The laser cavity described in Ref. 39 was fabricated with mirror coatings of 50% and 95%. It is very challenging to extend the conventional InGaN QW based LDs to the green spectral regime with high output power and low-threshold current density.
Further advances are still required to reduce the threshold current density from 4.4-8.2 kA/ cm 2 down to more acceptable level. Significant reduction in threshold current density in green-emitting diode lasers are important, in particular for enabling the nitride QW lasers as practical and reliable laser technology in the green spectral regimes.
B. Challenges of conventional InGaN QW for green LDs
In this section, the issues on the QW design for greenemitting nitride lasers based on conventional design will be discussed. To achieve extension of lasing wavelength into the green spectral regime, the QW structure needs to be designed with slightly thicker QW dimension ͑d QW ϳ 3 nm͒ and higher In-content ͑Inϳ 30%͒. To systematically study the relationship between the peak gain emission wavelength and the carrier density, four conventional InGaN QWs with the same QW thickness of 30-Å are compared for various Incontents of 20%, 25%, 30%, and 35% ͑as shown in Fig. 7͒ . As the carrier density increases, the emission wavelengths of the peak gain show blueshifts for all the four conventional InGaN QW structures due to the carrier screening effect. For the case of conventional 30-Å In 0.35 Ga 0.65 N QW, the excited states transition becomes the dominant peak gain transition, instead of the ground states transition, due to the carrier filling effect for the case of high carrier density above 9 ϫ 10 19 cm −3 . To illustrate the excited states transition phenomena clearly, Fig. 8 shows the optical gain spectra versus the photon energy for the conventional 30-Å In 0.35 Ga 0.65 N QW with carrier density from n =6ϫ 10 19 cm −3 up to n =10 ϫ 10 19 cm −3 . Note that the second peak of the optical gain spectrum appears at n =8ϫ 10 19 cm −3 , as shown in Fig. 8 which makes it challenging to push the lasing wavelength to green emission just by employing conventional InGaN QW as the laser active region. The phenomenon of broadening of the gain spectra and excited state electroluminescence spectra due to band filling effects from excited state transition at high carrier density in InGaN QW have also been reported, 40, 41 in particular, for InGaN QW structures with wider dimension and low momentum matrix element. The gain spectra broadening due to band filling effect from excited state transitions at high carrier density was commonly observed in QW structures with low momentum matrix elements, 42, 43 resulting in excited states transition contributing to dominant gain peak at high carrier injection.
42,43 Figure 9 shows the peak emission wavelengths versus the peak optical gains for the four conventional 30-Å InGaN QWs with varied In-contents ͑20%, 25%, 30%, and 35%͒. Similar with Fig. 7 , the emission wavelength shows blueshift as the optical gain increases due to the carrier screening effect. Note that the conventional InGaN QW structures with higher In-contents show significantly more pronounced blueshift as compared to the structures with lower In-content, which is expected from the lower electron-hole wave function overlap and differential gain of the higher In-content QW structures. For laser structures with threshold gain ͑g th ͒ϳ1500 cm −1 , the longest lasing wavelength for the conventional 30-Å InGaN QWs studied here with various In-contents is ϳ480 nm. There are two factors that lead to the challenges and limitations for extending the conventional InGaN QWs for achieving lasing wavelength into green regime: ͑1͒ the requirement of high threshold carrier density from this QW structure due to the low electron-hole wave function overlap ͑⌫ e_hh ͒, which results in significant blueshift from the carrier screening effect ͑2͒ the strong band filling effect at high carrier density for conventional InGaN QW structure with reduced optical matrix element. Thus, it is challenging to achieve low-threshold and high performance nitride laser devices emitting in the green spectral regime, by only employing conventional InGaN QW as laser active region.
To resolve the fundamental issue for the conventional InGaN QW based LDs due to the low electron-hole wave function overlap ͑⌫ e_hh ͒, novel structures with enhanced overlap ⌫ e_hh is important to achieve low-threshold nitride diode lasers emitting in the green spectral regime or beyond. By employing nitride QW with improved ⌫ e_hh ͑such as staggered InGaN QW͒, several important design considerations for green-emitting InGaN QW can be achieved as follows: ͑1͒ reduction in threshold carrier density and ͑2͒ significant reduction in blue shift of the lasing wavelength due to the less carrier screening effect. The reduction in threshold carrier density is important, as this will lead to reductions in non-radiative recombination threshold current density and band filling effect.
C. Spontaneous emission and optical gain of staggered InGaN QWs lasers at 500 nm
The spontaneous emission and gain characteristics of both two-layer and three-layer staggered InGaN QW designed for lasing wavelength at ϳ500 nm are compared to those of conventional InGaN QW. Figure 10 The QW structures were chosen with similar thickness for comparison purpose. The emission wavelengths of the peak gain for all three QWs structures are relatively similar at low carrier density, however the significant larger carrier screening effect in conventional InGaN QW leads to slightly shorter lasing wavelength ͑ ϳ 480 nm͒ in comparison to that of the staggered InGaN QWs ͑ ϳ 500 nm͒ at near threshold gain ͑g th = 1500 cm −1 ͒. Note that the threshold gain ͑g th = 1500 cm −1 ͒ employed in the analysis for green-emitting nitride lasers is similar to that of laser structures described in Sec. IV C. Figure 11 shows the calculated spontaneous emission spectra for conventional InGaN QW, two-layer staggered InGaN QW and three-layer staggered InGaN QW at carrier densities of n =3-7ϫ 10 19 cm −3 at T = 300 K. Note that a second peak of the spontaneous emission spectrum appears when the carrier density increases to n =5ϫ 10 19 cm −3 due to the transitions between higher energy states of the conduction subbands and valence subbands. The second peak will become more obvious as the carrier density increases. At n =7ϫ 10 19 cm −3 , the second peak of the spontaneous emission spectrum of the conventional InGaN QW becomes higher than the dominant peak of the spontaneous emission spectrum ͑n =1, m =1͒.
As shown in Fig. 12 , the spontaneous emission spectra for both two-layer staggered and three-layer staggered InGaN QWs are significantly enhanced as compared to that of the conventional InGaN QW. At n =5ϫ 10 19 cm −3 , the twolayer ͑and three-layer͒ staggered InGaN QW shows approximately 1.93 times ͑and 2.12 times͒ higher in the peak of the spontaneous emission spectra than that of the conventional InGaN QW. Figure 12 illustrates the spontaneous emission radiative recombination rate per unit volume ͑R sp ͒ for the conventional InGaN QW, the two-layer staggered InGaN QW and the three-layer staggered InGaN QW as a function of the carrier density up to 7 ϫ 10 19 cm −3 . For the two-layer staggered InGaN QW, the enhancement of the spontaneous emission radiative recombination rate ͑R sp ͒ as a function of carrier density ranges between 1.44-2.72 times as compared to the conventional InGaN QW. The R sp for the three-layer staggered InGaN QW as a function of carrier density exhibited enhancement of 1.48-3.27 times, in comparison to that of the conventional InGaN QW. Figure 13 shows the optical gain spectra for the conventional InGaN QW ͑dashed-dotted line͒, two-layer staggered InGaN QW ͑dashed line͒, and three-layer staggered InGaN QW ͑solid line͒ at various carrier densities ͑n =3 ϫ 10 19 cm −3 , 5ϫ 10 19 cm −3 , and 7 ϫ 10 19 cm −3 ͒ at T = 300 K. The staggered InGaN QWs exhibit improved optical gain as compared to the conventional InGaN QW. At n =7ϫ 10 19 cm −3 , the peak gain ͑g p ͒ for the two-layer staggered InGaN QW is 2150 cm −1 , which is 1.6 times of that of the conventional InGaN QW ͑1340 cm −1 ͒, while the threelayer staggered InGaN QW shows 1.74 times improvement with peak gain of 2330 cm −1 . Note that at the carrier density n =7ϫ 10 19 cm −3 , the gain spectra show the contribution from the excited state transitions from the band filling effects. However, the band filling effect is more dominant for conventional InGaN QW, in comparison to those of both staggered InGaN QW structures. Figure 14 shows the peak material gain of the three QW structures as a function of carrier density up to 7 ϫ 10 19 cm −3 . A significant enhancement in the peak material gain ͑g p ͒ by utilizing the staggered InGaN QW structures is observed in Fig. 14 , which is important for reducing the threshold carrier density ͑n th ͒ for nitride lasers emitting in the green spectral regime. Note that the three structures have similar transparency carrier density ͑n tr ͒ϳ1.4ϫ 10 19 cm −3 . The two-layer staggered InGaN QW shows 1.6-2.5 times enhancement in peak material gain as compared to that of the conventional InGaN QW, while the enhancement in threelayer staggered InGaN QW shows 1.75-3.0 times for various carrier densities studied here.
From the results presented in Fig. 14 , the use of conventional InGaN QW leads to significant challenges to achieve the threshold lasing condition ͑for g th = 1500 cm −1 ͒ in the green spectral regime due to the low optical gain. By utilizing the staggered InGaN QW structure with improved overlap, the optical gain characteristics is significantly enhanced, which leads to significantly reduced threshold carrier density. As shown in Fig. 14 and n th = 5.2 ϫ 10 19 cm −3 , respectively, for lasing wavelength at lasing ϳ 500 nm. The conventional InGaN QW requires higher threshold carrier density ͑n th ϳ 7.4ϫ 10 19 cm −3 ͒ to reach the lasing condition of g th = 1500 cm −1 , with significantly shorter lasing wavelength ͑ lasing ϳ 480 nm͒ due to the stronger carrier screening effect.
The gain saturation is observed for conventional InGaN QW at high carrier density ͑n Ͼ 8 ϫ 10 19 cm −3 ͒ due to the broadening of the gain spectrum, while the gain characteristics for both staggered InGaN QWs do not exhibit the saturation profile at this carrier density. To achieve higher material gain ͑g = 2050 cm −1 ͒, the carrier density required in conventional InGaN QW is n = 9.0ϫ 10 19 cm −3 , while the three-layer ͑and two-layer͒ staggered InGaN QW requires carrier density of only n = 6.6ϫ 10 19 cm −3 ͑n = 6.8 ϫ 10
19 cm −3 ͒. The challenges for the conventional InGaN QW to achieve low-threshold green nitride lasers can be attributed to ͑1͒ significant carrier screening due to the higher threshold carrier density in the QW, which leads to significant blueshift in lasing wavelength; ͑2͒ the carrier filling effect leads to strong transition from excited states, which leads to broadened gain spectrum at high carrier density.
D. Threshold current density for staggered InGaN
QWs lasers at 500 nm Figure 15 shows the peak emission wavelength versus the material gain for the conventional, the two-layer staggered and the three-layer staggered InGaN QWs. As the optical gain increases, the peak emission wavelengths show blueshift for all three structures. The staggered InGaN QWs show significantly-less blueshift as compared to that of the conventional InGaN QW. Note the lasing wavelength for both staggered InGaN QWs is ϳ500 nm for threshold gain ͑g th ͒ = 1500 cm −1 , while the lasing wavelength for the conventional InGaN QW is blueshifted to ϳ480 nm. The extension of the lasing wavelength to 500 nm for both staggered InGaN QWs is attributed to the enhanced electron-hole wave functions overlap and improved optical gain, which leads to the reduced carrier screening. At higher material gain ͑g = 2000 cm −1 ͒, the emission wavelengths for both staggered QW designs are at ϳ497 nm, while the emission wavelength for conventional QW is significantly blueshifted to ϳ472 nm. Figure 16 shows the peak material gain ͑g p ͒ as a function of the total threshold current density ͑J tot = J rad + J nr ͒ for the two-layer staggered 20-Å In 0. 33 , and A = 1.5ϫ 10 9 s −1 ͒. To achieve the threshold condition ͑g th = 1500 cm −1 ͒, the required total threshold current densities for the two-layer staggered InGaN QW and three-layer staggered InGaN QW at three different monomolecular recombination rate are shown in Table II . The threshold carrier density for three-layer ͑or two-layer͒ staggered InGaN QW is reduced by 30% ͑or 26%͒ in comparison to that of conventional InGaN QW ͑ lasing ϳ 480 nm͒, which in turn leads to 25.7%-28.5% ͑and 20%-24.3%͒ reduction in threshold current density for threelayer ͑or two-layer͒ staggered InGaN QW lasers ͑ lasing ϳ 500 nm͒. Note that the improvement observed in threshold characteristic in staggered InGaN QW structures is accompanied by the ϳ20 nm longer lasing emission wavelength, which is attributed to the much reduced threshold carrier density and less carrier screening in the staggered QWs. The improvement observed in staggered InGaN QW lasers is attributed to the higher electron-hole wave function overlap for the QW structures. If Auger recombination process is taken into account, the reduction in threshold carrier density will lead to reduction in Auger recombination current density ͑J th_Auger ͒ by 66% ͑or 59%͒ for three-layer ͑or twolayer͒ staggered InGaN QW.
Thus, the use of InGaN-based QW designs with improved electron-hole wave function overlap ͑i.e., staggered InGaN QW͒ is important to enable significant reduction in threshold current density in green-emitting nitride LDs. Two important features in the InGaN QW design with improved overlap ͑⌫ e_hh ͒ to ensure the advantages offered by such active region are as follows: ͑1͒ significant reduction in threshold carrier density for achieving reduction in blueshift and nonradiative recombination current and ͑2͒ large optical matrix element to minimize the effect from band filling from excited states transitions. The use of two-layer or three-layer staggered InGaN QW is promising for enabling lowthreshold lasers in the green spectral regime.
Note that the current model do not take into consideration the influence of the exciton binding energy on the optical gain and threshold current density. Due to the enhanced electron-hole wave function overlap, the exciton binding energy for the staggered InGaN QWs will be slightly higher than the conventional InGaN QW, 45 which causes the broadening of the optical gain spectrum as well as the increase of the threshold current density. However, the effect from the exciton binding energy is expected to be negligible due to the large carrier screening effect on the column interaction between electron-hole pairs in III-Nitride LDs operating at high carrier density. 44, 45 
VI. SUMMARY
In summary, staggered InGaN QWs are analyzed as the improved gain media for LDs emitting at ϳ440 nm and ϳ500 nm. Both two-layer and three-layer staggered InGaN QWs are designed with improved electron-hole wave function overlap to enhance the spontaneous emission radiative recombination rate and optical gain. The analysis of the band structures was carried out based on a self-consistent 6-band k · p method for wurtzite semiconductor taking into account the valence band mixing, strain effect, spontaneous, and piezoelectric polarizations, and carrier screening effect. The analysis indicated that the optical gain for three-layer ͑and two-layer͒ staggered InGaN QWs are enhanced by 1.5-2.35 times ͑and 1.3-1.75 times͒ in comparison to that of conventional InGaN QW emitting at ϳ440 nm, which leads to significant reduction in threshold carrier density by 25% ͑and 15%͒ in the staggered QW designs. At n =5ϫ 10 19 cm −3 , the peak gain for the three-layer ͑and two-layer͒ staggered InGaN QW is enhanced by 1.61 times ͑and 1.34 times͒ of that of the conventional InGaN QW. The reduction in threshold current density by 23.5%-23.8% ͑and 15.7%-17%͒ is expected for blue-emitting lasers employing three-layer ͑and two-layer͒ staggered InGaN QW as gain media.
Note that the analysis presented here employed the 6-band k · p method, which is widely used for the calculation of nitride based QWs ͑ie. staggered InGaN QW, 19, 20, 22 InGaN QW with embedded ␦-AlGaN layer, 11, 12 dip-shaped InGaN QW, 21 triangular shape QW, 27 and nonpolar InGaN QW ͑Ref. 10͔͒. However, it is also important to point out the limitation of the 6-band k · p model in computing the band structure properties for QW structure with thin sublayers, due to the less accuracy of the envelope function theory for structures with ultrathin layers. Nevertheless, this approach allows us to provide the comparison of the trends for the optoelectronics properties of the QW structures. The use of tight-binding atomistic approach, 46, 47 plane-wave pseudopotentials, 48 or first principle density functional theory ͑DFT͒ ͑Refs. 49 and 50͒ are required in order to provide more accurate band structure of the nanostructures with ultrathin layers. The use of conventional InGaN QW as green-emitting nitride laser active regions suffers from the significantly reduced electron-hole wave function overlap. The poor overlap in the conventional InGaN QW leads to significantly higher threshold carrier density and strong carrier screening effect, which leads to high threshold current density and strong blueshift in lasing wavelength. The peak gain of greenemitting three-layer ͑and two-layer͒ staggered InGaN QWs are enhanced by 1.75-3 times ͑and 1.6-2.5 times͒ as compared to that of conventional InGaN QW. The use of threelayer ͑and two-layer͒ staggered InGaN QW as the laser active region at ϳ 500 nm leads to significant reduction in threshold carrier density by 30% ͑and 26%͒, which leads to reduction in threshold current density of 25.7%-28.5% ͑and 20%-24.3%͒ in comparison to that of conventional QW ͑ lasing ϳ 480 nm͒. The use of InGaN-based QW with improved electron-hole wave function overlap ͑i.e., staggered InGaN QW͒ is important for achieving low-threshold and reliable nitride lasers emitting in the green spectral regime and beyond.
